By a generalization of canonical quantum electrodynamics with invariant one-parameter gauge families, a wide theory of neutral vector fields is formulated in a unified way that describes massive and massless fields on the same basis. Similarly to the case of quantum electrodynamics, there exist two invariant gauge families in the sense that any two gauges belonging to the same family are connected with each other by a generalized q-number gauge transformation. It is shown that the theory is manifestly renormalizable and the unitarity of the S-matrix is guaranteed by conservation of currents. Renormalization problems in this formalism are investigated. § I. Toward theory of massive vector fields from quantum electrodynamics
§ I. Toward theory of massive vector fields from quantum electrodynamics
In the present paper we aim at presenting a wide formalism of neutral vector fields which describes-m~J.ssive and massless cases in a unified way. This formalism lies on a natural extension of a previous work. 1 l•*l The conventional thory of massive vector fields is . incomplete, mainly in the sense that it has no massless limit and its ninormalizability is not manifest. Without the massless limit, we cannot insist on rigour in discussing critical problems which should refer to the behaviour of fields from massless to massive cases continuously. For instance, Johnson's conclusion, 2 l which was derived on the basis of the conventional theory, that the· observed mass of a vector meson vanishes if its bare mass goes to zero, is not justified logically, as criticized by Schwinger. 8 l Moreover, the usual manipulation in quantum electrodynamics, which introduces a fictitious smaJI photon-mass in perturbation calculation of the S-matrix in order to avoid infrared divergencies, hitherto had no theoretical basis. On the other hand, the theory is renormalizable if and only if the vector meson couples with a conserved current. Such a lack of the manifest renormalizability hinders us from treating off-mass-shell quantities rigorously. These undesirable features of the theory were removed in Nakanishi's formalism for neutral vector fields 4 l· 5 l which was obtained by an extension of his former formalism in the Landau-gauge quantum electrodynamics. 5 l• 6 l•**l The present formalism includes Nakanishi's one 4 l• 5 l as a particular representation (that is, as the Landau-gauge representation).
In [I] we proposed a canonical formalism of quantum electrodynamics which enables us to deal with one-parameter convariant gauges in an invariant gauge family in a unified and manifestly covariant way. The gauge structure presented in [I] is controlled by a dipole-ghost :field B(x) called a gaugeon field. This kind of gauge structure corresponds to Type I classified in a succeeding paper. 8 and then the gauge parameter a is transformed into (a+ A.) . A given value of a specifies a gauge in the sense of the form of the commutator (2 ·19a).
In the present paper we show that such a gauge structure of the formalism is not only allowed for massless :fields but also inherited by massive :fields. Indeed, we can have a canonical formalism of neutral vector fields extending' from massless to massive cases, where a gauge transformation like (1· 3) makes our Lagrangian form-invariant and consequently all gauges characterized by the form of the commutator (2 ·17a) for each value of e = ± 1 are equivalent to one another. In § 2 we establish the framework of the present formalism by generalizing (1·1). Section 3 is devoted to studying the gauge structure of the formalism; a generalized q-number gauge transformation is introduced. In § 4 we deal with a renormalization problem in the present formalism; then, relations among all relevant renormalization constants are discussed. In the final section ( § 5) we obtain the spectral representation for the vacuum expectation value of the commutator of the renormalized vector fields themselves, and consequently we determine all the renormalization constants. § 2. Framework of the formalism
We first consider the case of a free ·massive neutral vector field. As a natural generalization of quantum electrodynamics, we also provide in addition to the vector field UP(x) three auxiliary scalar fields B(x), B1(x) and B2(x) for the. present formalism and deal·. with a coupled sy~tem of them. We take our basic free Lagrangian density in the form
where m is the mass of the vector meson, e a sign factor ( e 2 = 1) and a our gauge paramater. If we take m=O, (2·1) reduces to (1·1).
Free-field equations which follow from (2·1) are
ol'Ul'=eaA,
DB= eA ,
The form of A (2 · 3), together with (2 · 4c, d) and (2 · 5), leads to the simple relations and hence we have (0-m 2 )A=0,
Momenta canonically conjugate to the fields can be defined by the conventional prescription. The correspondence between the fields and their respective momenta is tabulated as follows:
where the dot denotes differentiation with respect to x 0 and k = 1, 2, 30
Canonical quantization in terms of the variable,s in (2 o 9) yields equal-time commutation relations in the form
All the other commutators constructed from the variables in (2· 9) vanish at equal time. Since (2 · 4a, b) yield
we further obtain necessary additional equal-time commutation relations
The :field equations (2 · 4) and these canonical relations determine commutation relations among all the :fields at two arbitrary space-time points uniquely. In order to :find them, we use the expression 
In the above integral y 0 is an arbitrary parameter. . Substituting (2 · 4) and (2 · 5) into (2 ·14), we obtain
With the aid of (2 ·16), (2 ·10) and (2 ·13), we find the following commutation relations at two arbitrary space-time points x and y:
It should be noted that all fields appearing here ·have their unique massless limits; that is, the field equations in (2 · 4) become, as m---'>0,
and the commutation relations in (2 ·17) tend to
where we have used the formula
and denoted the massless limit of U,. by 4,.. We see here that (2 ·18) and (2 ·19) are exactly those derived from (1· 1} in [IJ. The parameter a plays the role of a gauge parameter both in the massive and the massless cases. In the next section, indeed, we will show that a q-number gauge transformatio n correspondin g to (1· 3) also exists in the massive case.
The vacuum is defined by
(2·22) Since we can define the positive frequency parts of all the fields unambiguous ly by the right-hand sides of (2·16a'"'"'d) through the replacement
the above definition is unique. Our state-vector space is generated by the adjoint conjugates of U~+> (x)', B<+> (x), Bf+> (x) and m+> (x) from the vacuum. It is clear from (2 ·17 ) that this space is of indefinite metric. Therefore, we should define our physical state-vector space by such a subspace that no state of' negative norm is included in it as well as the constraint a,. U,. = 0 holds in the sense of the expectation value of I!,. with respect to any state in it. Supplementa ry In the case m = 0, Ul' and B become dipole-ghost fields.. As is known, there is a formal difficulty in defip.ing the positive frequency parts of massless pole-type fields on account of the occurrence of infrared divergencies. Such a formal difficulty, however, can be removed, for instance, by Nakanishi's infrared cutoff method 9 l as done in [I]. Here we shall not enter into details of this problem, but understand that the vacum is also well defined in the massless case by means of some suitable limiting procedure. Even if m= 0, the supplementary conditions given by (2·24) persist, but (2·25) does not follow. In this case, B1 (x) and B 2 (x) become fields of zero norm; and consequently, both B 1 (x) lphys) and B 2 (x) I phys) turn out to be physical states, though B (x) I phys) is still unphysical.
Let us next consider the interacting system by introduc-ing an additional Lagrangian density L1o which consists of an interaction part jl' Ul' and other necessary free· parts for fields to be involved in iw The total Lagrangian density of our coupled system is given by (2·26)
The current (2·27) is assumed to be conserved, that is,
We ·also assume that the current jl' contains neither UP nor the auxiliary fields explicitly, so that jl' commutes with all of UP, B, B 1 and B 2 at the same instant of time. The field equation (2· 4a) now becomes (2·29) *> In the case of the Feynman gauge (l+ea'=O), (2·25) does not follow directly from the field equations. In this case, however, we still have. (2·25) if it holds in a certain gauge because B itself is a gauge-invariant field as will be seen in the next section. 
where ). is an arbitrary parameter. When we consider interacting fields described by · (2 · 26), we should transform the other remaining fields to be involved in j"' but their concrete transforma tion properties are ·now of little interest and we only assume that the current is gauge invariant, that is, (3·2) together with (3 ·1). Under (3 ·1), we find that the quantity A given by (2. 
We have seen that our present q-number gauge transformation (3 ·1) really gives rise to two kinds of invariant gauge families, each of which corresponds to the case e = 1 or e = -1; that is, any two gauges belonging to the same family are connected with each other by (3 ·1) in a manifestly covariant way. We can directly examine this fact by observing that the equality (3·8) holds apart from irrelevant four-dimensional divergence terms; In this way, the gauge structure of quantum electrodynamics has been continued to the case of massive neutral vector fields.
In order to clarify the. structure of the present formalism more concretely, let us go to the case of the Landau gauge (that is, to the case a= 0). Then, we notice from (2 · 4) and (2 ·17) that there takes place a split of the system into .two subsystems isolated completely from each other. One subsystem consists of U~L) and BiLl, and it is described by the field equations
and the commutation relations
[BiLl (x), BfL>(y)] = -im 2 D(x-y). (3·10c)
The other subsystem is composed of B and· B£L>, Since A is a gauge-invariant quantity {see (3 · 3)], it is more convenient to write down this subsystem in terms of B and A, instead of B and B£Ll (=A-tem 2 B), as follows:
. e
[B(x), .8(y)] = i -2 [J(x-y) -D(x-y)], m [B(x), A(y)] =i.d(x-y),
(3·11a) (3·1lb) (3·12a) (3·12b)
[A(x),A(y)] =ism 2 J(x-y).
(3·12c) Any two fields belonging to different subsystems commute with each other. The contents given by (3 · 9) and (3 ·10) are just the ones obtained by Nakanishi,'hD> while (3 ·11) and (3 ·12) represent a generalization of the gaugeon system considered in [I] . Defining a new field A0 (x) by we find DAo=O,
(3·16) Therefore, the gaugeon system in the massive case can also be represented in terms of the two independent scalar fields A and A0• The free Lagrangian density (2·1) can now be rewritten in the form
Lo=L 0 (U!L>,B,B1L>; 0 ,s)

= -_!_G(L)G(L)-_!_ma u<L) u<L)+ B(L) !::\ u<L) 4
pP pP 
DBfL>=o.
Utilization of (3 ·18) and (3 ·10) leads to
In this case, (3 · 19) becomes We have seen that in the case of the massive vector field it is possible to write down the present system in terms of the four independent fields uy)' B1L)'
A and A0• Although we have dared to do so in order to elucidate the structure of the formalism, such a representation is never desirable on account of the following two facts: First the representation does not hold in the massless limit, and second the Proca field UYl violates the manifest renormalizability of theory. § 4. Renormalization and asymptotic fields
The free-field commutation relation (2·17a) yields the Feynman propagator m the form
Since the above propagator behaves for a large jk 2 j as the photon propagator, there occu~s no difference between the present vector fields and the electromagnetic fields in the application of the renormalizability criterion based on the usual power-counting method. For instance, if the interaction jPU,. is of the Yukawa type, the theory is renormalizable. In this sense, the present theory is manifestly renormalizable irrespectively of whether conservation of the current holds or not. In contrast to this, it is to be' noted that the unitarity of the S-matrix is not manifest, but it is guaranteed under the condition (2 · 28), since otherwise the supplementary conditions (2 · 24) for physical states. can no longer persist throughout the time. In what follows, we shall deal with a renormalization problem in the present formalism.
So far we have not referred to the problem of the mass shift of the vector meson through interactions. We should first consider this mass-renormalization problem. Let us newly denote the bare (the unrenormalized). and the observed (the renormalized) masses of the vector meson by m 0 and m respectively; then, we have 
With this preparation, we carry out the wave-function renormalization
Bi=Kl 12 Btl.
Then, the renormalized field equation for UJ:l takes the form 
Since we are now assuming that the present system of the vector meson is stable, any one-particle state j1) of the U"-, B-, B1-and B2-particles should steady through the interaction. This requires
On the other hand, ( 4 · 13) and (2 · 30) lead to On the other hand, for the one-particle states J1) we have
Hence, separating these two kinds of contribution to <OJ [u;r) (x), mr) (y)] JO) and following the usual argument, we obtain
where L and N are certain constants, the values of which will be determined soon later 
Applying 8~ to both sides of (5 · 4), we have
Utilizing (4·23a), (4·25) and (4·29), we find
Another constant N is determined as follows. If (D"-m 2 ) operates on both sides of (5 · 4), we have
with the aid of ( 4 · 12) and ( 4 · 29). A subsequent operation of (0?'-m 2 ) on both sides of (5 · 9) and use of ( 4 · 12), ( 4 ·19) and ( 4 · 20) yield
Comparing ( .
. .. These results are nothing but the ones given in [I]. Johnson's proposition 2 l that the bare mass m0~0 implies the observed mass m~o is rigorously realized in the present formalism from (5·17) or more directly from (4·20) and (5·21). Unlike the case of Johnson, the above conclusion is not critical, because the present theory surely continues to quantum electrodynamics in its massless limit. Finally, we mention some relations concerning the asymptotic conditions. Inspecting (4·29), (4·27a) and (5·3), we find The unitarity of the S-matrix is apparent in (5 · 26) . We note that (5 · 24) also has its massless limit to the result obtained in [I] , since it holds from (5 ·13) and (5·19) that (5·27)
